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The author studies a class of l-motives which he encountered in his work joint 
work with Jacquinot (J. Number Theory 24, No. 3, 1986). A I-motive M was 
attached in this previous work to each triple (,4, f; a), where A is an abelian variety, 
,f: A + A’ a homomorphism from A to its dual, and I a point on A. It was stated, 
without proof, at that time that the l-motive M generates the same “Galois groups” 
(in a literal sense if one discusses n-torsion points of l-motives, or else in the sense 
of Mumford-Tate groups if one works over C) as the simpler l-motive %I = 
LZ -+ A] which “is” x. The present article refines that observation by proving that 
the cohomological realizations of M may be derived from those of M, and vice 
versa, by linear algebra constructions. More precisely. let T(M) and T(M) be the 
modules of “n-division points” of M and %I, where n > I is an integer. The latter 
module is an evident quotient of the former. The author shows that, in the other 
direction, T(M) may be recovered from T(M) as a specific subquotient 
of T(I\;I)@‘?. 1 1987 Academic Prc~s. Inc. 
In a joint article with Jacquinot [2], the author constructed a series of 
l-motives (in the sense of [ 1 I), concretely given as points on extensions of 
abelian varieties by G,. To each l-motive, one can attach modules of 
“n-division points” (for each n 3 l), which are the tttale realizations of the 
l-motive (see Sect. 2). These modules lead, in particular, to Galois exten- 
sions of the base field over which one works, generalizing the Galois exten- 
sions generated by division points of abelian varieties. 
In [2] we established that the Galois extensions arising from our 
l-motives were automatically small, which led us to refer to the l-motives 
we had constructed as “deficient.” We mentioned as likely a more precise 
description of the modules of n-division points themselves, which would 
exhibit directly the “deficiency” of our l-motives. Such a description would, 
at the same time, shed some light on the construction of [2]. 
The purpose of this note is to provide such a description. Our viewpoint, 
however, differs from that of [2] in the following respects: 
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l We modify the construction given in [2] by surpressing one of the 
dualities appearing in it, so that we obtain the duals of the l-motives con- 
structed in [2]. This choice results in a somewhat simpler construction, 
and in a more natural description of the modules of n-division points. 
l We avoid describing these Galois modules in terms of cocycles, 
working intrinsically with the modules themselves. We obtain, thereby, a 
“formula” for the etale realizations of our l-motives which is apparently 
valid as well for the other cohomological realizations of l-motives, namely 
the Betti and de Rham realizations. However, we do not insist on this point 
in what follows. 
1. REVIEW OF THE CONSTRUCTION 
We begin with the following data, over a base (field) k: 
(1) An abelian variety A 
(2) A point UEA 
(3) A homomorphism S: A + A’, where A’ = Ext(A, G,) is the dual 
ofA. 
Consider the extension V of A by G, whose class in A’ is f(a) and 
choose a point P on V whose image in A is a. This choice may be viewed as 
the choice of a l-motive in the following (trivial) way. The points a, f(u), 
and P (on A’, A, and V, respectively) define homomorphisms 
Z+A’,Z+A, Z-r V, 
each of which may be regarded as a l-motive. Let us introduce the 
notation 
D= [Z+A’], E= [Z+A], F=[Z-*V] 
to refer to these homomorphisms as l-motives. Furthermore, we shall write 
simply Z for the l-motive [Z -+ 01, and when W is an extension of an 
abelian variety by a torus, we will write simply W for the l-motive 
[0 + W]. Then to say that the image of P in A is a is to state that the 
inclusion of G, in V induces an exact sequence of l-motives (i.e., of com- 
plexes) 
O+G,+F+E+O. (1.1) 
Analogously, the fact that P is a point on V may be restated as an exact 
sequence 
O-tV+F+Z-+O. (1.2) 
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Equivalently, we have by duality 
O+G,-+F*+D-,O, (1.2’) 
since the duals of Z and I’ are respectively G, and D. 
To summarize, the choice of P determines a l-motive F which is an 
extension of E by G, and whose dual is an extension of D by G,. In what 
follows, we will let S: F’ + D be the map appearing in (1.2’), so that the 
inclusion of V= D’ in F is s’. Also, we observe that there are trivial maps 
E-Z, D-Z 
which are analogous to the projection F + Z appearing in (1.2). We shall 
write 7~ for each of these three projections. Finally, we observe that there is 
an obvious map E + D inducing f: A + A’ on the kernel of r: E + Z; we 
shall refer to this map as u. 
After these preliminary remarks, we may now complete the construction. 
Use a to pull back the extension F’ of D by G, ; this gives a certain exten- 
sion CX*F of E by G,. Concretely, this l-motive represents a point P’, 
again mapping to a E A, on the extension v’ of A by G, whose extension 
class isf’(a) E A’. (Note that f’ is a priori a map A” -+ A’, but that we have 
a canonical identification A” z A.) 
The two l-motives F and a*F’ are each extensions of E by G,, and their 
difference 
G = F- u*F’ 
(computed in Ext(E, G,)) is the l-motive we wish to study. It is 
canonically attached to the given data (A, a, f), i.e., independent of the 
choice of P. It represents concretely a point P”, still mapping to a, on the 
extension of A by G, with classf(a) -,f’(a). We have a tautological exact 
sequence 
O+G,-+G+E-+O. (1.3) 
2. STATEMENT OF THE THEOREM 
We fix an integer n 2 1. For each l-motive M, let T(M) be the etale 
realization of M with coefficients Z/nZ, denoted T,,,,(M) in [ 11. Namely, 
if M is the complex y: X+ W, we have 
T(M)= {(x, W)EXX Wlnw=y(x)}/{nx,y(x))lx~X}. 
The T(M) are the modules of “n-division points” referred to above, and 
they are Z/nZ-modules, in particular. Tensor products involving them in 
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what follows will be tensor products of Z/nZ-modules. Of course, the T(M) 
also carry an action of the Galois group of k, at least for n invertible in k. 
For each M, we will let 1 be the “switching” map ?c@ yl + y@x in the 
tensor product 
T(M) 0 ww. 
We let 
S(M)= {fJET(M)OT(M)Ila=o} 
be the module of symmetric tensors of degree 2 on T(M). 
The map rr: E + Z induces an exact sequence 
0 -+ T(A) + T(E) -+ T(Z) + 0, 
from which we deduce a sequence 
O+T(E)@T(A)-*T(E)@T(E)+T(E)OT(Z)+O 
by tensoring with T(E). We have T(Z) = Z/nZ, so that T(E) @ T(Z) may 
be rewritten as T(E). Let p be the restriction of the map 
T(E) @ T(E) + T(E) to S(E). 
It is easy to check that p is surjective, and that its kernel is the submodule 
S(A ) of r(E) @ T(A ). Thus we have a canonical exact sequence 
0 + S(A) -+ S(E) + T(E) -, 0. (2.1) 
For each l-motive M, we let 
be the canonical duality pairing constructed by Deligne in Section 10.2 of 
[ 11. This pairing reduces to the usual Weil pairing in case M is an abelian 
variety. Given a map f: M + M’, we let 
be the map such that IClf(m On) = $,(m@ f(n)). In the special case where 
M = A and where f is our given homomorphism, we will again write +f for 
the restriction of +f to S(A) c T(A)@ T(A). 
We return now to the l-motive G of Section 1. The exact sequence (1.3) 
induces a sequence 
0 + T(G,) -+ T(G) + Z-(E) + 0, (2.2) 
and our theorem states that (2.1) is obtained from (2.1) wia the map $J : 
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THEOREM. There is a map 8: S(E) -+ T(G) for which the diagram 
O+ S(A) +S(E)+T(E)+O 
Itif lu /I 
0 -+ T(G,) --* T(G) -+ T(E) + 0 
is commutative. 
The theorem makes evident the fact that the Galois extensions of k cut 
out by T(E) and by T(G) are identical, as it exhibits T(G) as a subquotient 
of T(E)@‘, whereas T(E) is a priori a quotient of T(G). Its value is that it 
shows precisely which linear algebra construction is required in order to 
make T(G) in terms of T(E). It was Greg Anderson who advanced the idea 
of finding such a construction; thanks are due to him for this suggestion. 
3. PRELIMINARY REMARKS CONCERNING THE PROOF 
We begin with some remarks concerning the generalized Weil pairings 
*A4 which we introduced above. First, we normalize their signs by requir- 
ing explicit formula for $ M in the special case where M = Z and M’ = G, : 
for t E T(Z) and [E T(G,), we demand the equality 
IC/z(c 5)=tiE T(G,). 
Second a remark concerning M”, when M is a l-motive: the canonical 
isomorphism M CL M” often introduces a sign in formulas involving + M, for 
if m E T(M) z T(M”) and if v E T( M’), then we have 
$dm, v) = - ($,w)(v, ml, 
cf. [l, (10.2.4)]. Finally, a reminder of the usual formula for the duals (or 
transposes) of homomorphisms between l-motives: if /I: M + N is such a 
homomorphism, with dual /I’, then for m E T(M), v E T(W), we have the 
formula 
IC/dm, B’v) = ICIdh ~1. 
We next remark that the definition of G as a difference of two extensions 
of E by G, implies that T(G) is a difference of two extensions of T(E) by 
T(G,), one of them being the pullback by 
a: T(E) + T(D) 
of the extension T(F) of T(D) by T(G,).Making explicit what this means, 
we find an expression for T(G) as a subquotient of T(F) x T(F). Namely, 
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T(F) and T(F) map (respectively) onto T(E) and T(D), so that their 
product maps onto T(E) x T(D). Let 
A: T(E) -+ T(E) x T(D) 
be the graph of CC, and consider the inverse image C of d(T(E)) in 
T(F) x T(F)[. Then C is furnished with a natural surjection p: C -+ T(E). 
Meanwhile, we have structural maps T(G,) -+ T(F), T(G,) + T(F), 
whence a diagonal map 
i: T(G,) -+ ZG T(F) x T(F). 
After some reflection, we see that T(G) is the quotient of C by the image of 
t. Moreover, the structural map T(G,) + T(G) is induced by the map 
T(G,) + T(F) x T(F) 
sending to (z, 0); at the same time, the structural map T(G) + T(E) is that 
induced by p. 
We now compare this description of T(G) with an analogous, and cer- 
tainly asymmetrical, description of S(E). We note that S(E) is contained 
(by definition) in r(E)@*, whereas T(E) is a quotient of T(P) (by a map 
we shall later call q). Thus S(E) is a subquotient of T(F) @ T(E). We will 
obtain 8 by defining a map 
0: T(F)@ T(E) -+ T(F) x T(F) 
which enjoys the following properties: 
( 1) The image of T(G,,) @J T(E) under 0 is contained in i( T(G,)). 
Thus 0 induces a map 
Q’:T(E)OT(E)-,(T(F)xT(F’))/i(T(G,)). 
(We embed T(G,) in this latter quotient in the same way described above: 
by sending 2 to (z, O).) 
(2) The restriction of 0’ to T(A)@ T(A) is given by I/~ 0 I, i.e., by the 
formula 
ffJO4 + $,4(4.@). 
(3) The restriction of 0’ to S(E) takes values in T(G) = .Z/i( T(G,)), 
and we have on S(E) 
p=p”Q’. 
(Recall that p is the canonical map of S(E) onto T(E).) 
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Once these properties have been established, it is clear that we may 
prove the theorem simply by defining 8 to be the restriction to S(E) of 0’. 
4. FR~~F OF THE THEOREM 
We define 0 by defining separately its two components 
0, : T(F)@ T(E) + T(F), 
0,: T(F)@ T(E) + T(F’). 
The natural map z: T(E) + T(Z) z Z/nZ induces 
T(F)OT(E)-+ T(F)@(Z/nZ)= T(F), 
which we take to be 0,. The second component, a bit more subtle, arises 
from the bilinear pairing 
T(F) x T(F) -+ T(V) = T(W) 
whose value on (x, y) is rc(x) y - rt( y) x. Here we are considering rc to be 
Z/nZ-valued, so that the products x(x) y and z(y) x are defined in T(F). 
The difference we have written is an element of T(F) mapping to 0 in T(Z), 
and therefore “lies” in r(P). More precisely, there is a unique element 6 of 
T(D*) so that 
s’(6) = 7r(X) y - 7c( y) x. 
(Here s is the structural map F’ + D; s’ is the inclusion of D’ in F.) Now 
given 
(x, Y, e) E W’) x W’) x T(E), 
we define 
We obtain in this manner a trilinear map with values in T(G,), and 
therefore a homomorphism 
A: T(F)@ T(F)@ T(E) + T(G,). 
In particular, for CJ E T(F) @ T(E), we obtain 
A,: T(F) + T(G,) 
by setting 
A,(x) = 2(x@ 6). 
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Finally, there is a unique cp, E T(P) such that the map 2, is given by the 
formula 
L(x) = II/Ax, VP,)> 
and we set 
02(LT) = cp, E T(F). 
The definition of 0 is thus summarized by the three formulas 
@,(y@e) = n(e) y. 
s’(h) = 4x1 y - 4.Y) 4 
$Ax, @dy 0 e)) = @,(a~ 6). 
We will use them to establish the properties (1) (2) (3) of Section 3. 
For the first of these properties, take z E T(G,), and consider z @ e as an 
element of T(F) @ T(E). We have O,(Z 0 e) = n(e) Z. Also, we note in this 
case that 6 is simply rc(x) z, where z is thought of as embedded in T(P) in 
the natural way, i.e., via rr’. We have therefore 
$Jae, 6) = 7-4-x) tiz(~c(w), 2) = 4x) IClAn( z), 
taking into account the fact that rr is used simultaneously to denote maps 
D-Z, E-+Z. 
Furthermore, because of the linearity of @z in the first variable, we may 
permute x and e in the final expression for tiD(ae, 6). This gives 
$A4 @z(z 0 e)) = n(e) Ii/Ax(x), 2) = $&, n(e) n’(z)), 
from which we may conclude that 
d2(z@ e) = n(e) n’(z). 
However, n’(z) is simply the image of z in T(F) under the natural inclusion 
of T(G,) in T(F). Therefore, we have 
O(z@e)=i(n(e)z). 
For the second property, we must compute the value of 0 on an element 
of T(F) @ T(E) having the form y @ u, where a E T(A) and where y satisfies 
rc(y) = 0. The condition on y signifies that y belongs to the image of T(D’) 
in T(F); equivalently, the image q(y) of y in T(E) belongs in fact to T(A). 
Let us write 
b=q(y). 
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The definition of 0, shows that 0 1( y @ a) = 0. Therefore, to establish the 
formula given in (2), we are required to show that we have 
Let j denote the inclusion of A’ in D. Then for UE T(A), we have 
4~) = jUTa)). 
Hence we have 
In the present case, we see from the definition of 6 that we have 
j’(6) = n(x) 6, 
since rc( y) = 0. This gives 
where CE T(G,)) is -IC/A(b,f(u)). To conclude from this that O,(y@u) 
and [ coincide, we need only establish the formula 
Here it suffices to note that < on the left-hand side of the equation represent 
the image rc’(c) of 5 in T(F), so that we have 
$F(X, i) = @z(e), 0. 
The desired formula thus follows from the explicit formula for $z, i.e., the 
normalization chosen for the system of pairings I++,,,. 
For the final property, our task is to compute the composite of 0 and 
the canonical mapping 
q x s: T(F) x T(F) + T(E) x T(D). 
We compute the two components q 0 0, and s 0 O2 separately. The first 
obviously takes the value rc(e) q(y) on v@e, and we are going to show that 
the second component takes the value n(y) al(e) on this element. One sees 
easily that this is precisly what is needed to prove the third property. 
To determine s(S,(y 0 e)), we compute its inner product with an 
arbitrary element o of T(D’), relative to I+!J~. The value of this product is 
($r)(02(yOe), s’(o))= - tiA.f(~), @d.vOe)). 
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Set x = s’(o). Then the right-hand side may be written 
- $,(w 0 
here, by definition 
s’(d) = n(x) y-n(y) St(w) = -71(y) d(w), 
so that we have simply 
6= -7c(y)o. 
Hence we have 
tiD(s(Q2(~C3 e)), WI= + tiD(w 70) 01, 
leading to the announced formula s( Q,( y @ e)) = x( y ) u(e). 
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